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Let S be an inﬁnite discrete semigroup with a point s such that st = t for any t ∈ S . We
prove that every closed left ideal ϕ of β S , where ϕ is a ﬁlter with a countable basis, is
determined by a function on S which is slowly oscillating in the direction ϕ.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Let S be an inﬁnite discrete semigroup, let β S be the Stone–Cˇech compactiﬁcation of S , and let S∗ = β S \ S . We take
the points of β S as the ultraﬁlters on S with the points of S identiﬁed with the principal ultraﬁlters. For every A ⊆ S , let
A = {q ∈ β S: A ∈ q}. The topology of β S can be deﬁned by stating that the family {A: A ⊆ S} is a basis for the open sets. If
ϕ is a ﬁlter on S , let ϕ = {p ∈ β S: ϕ ⊆ p}. Then ϕ =⋂A∈ϕ A, so ϕ is a closed subset of β S . Conversely, if C ⊆ β S is closed,
then there exists a unique ﬁlter ϕ on S such that C = ϕ . See for example [4].
Using the universal property of the Stone–Cˇech compactiﬁcation, the multiplication on S can be extended to β S such
that for every q ∈ β S and s ∈ S , the shifts
ρq : p → pq :β S → β S, λs : p → sp :β S → β S,
are continuous. Formally, the product pq of two ultraﬁlters p,q ∈ β S is deﬁned by the rule: If A is any subset of S , then
A ∈ pq ⇔ {s ∈ S: s−1A ∈ q} ∈ p,
where s−1A = {t ∈ S: st ∈ A}.
There are other ways to deﬁne the product in β S . For more information about the compact right topological semi-
group β S , see [4] and [1].
The notion of slowly oscillating functions was introduced by Higson for metric spaces in the context of index theory (see
for example [8, p. 29]). They were used by Protasov to study the algebraic structure of the Stone–Cˇech compactiﬁcation of
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or more generally, in any locally compact group—case.
To study left ideals of βG for countable discrete group G , this notion was extended further in [2] to slowly oscillating
functions in the direction of ﬁlters in the following way: Let f :G → C be a function and let ϕ be a ﬁlter on G such that ϕ
contains the complement of every ﬁnite subset of G . Then f is slowly oscillating in the direction of ϕ if for every ε > 0 and
for every ﬁnite subset F of G containing the identity of G , there exists A ∈ ϕ such that diam f (Ft) < ε for every t ∈ A. Here
diam X = sup{|x− y|: x, y ∈ X} for any X ⊆ C. This includes both deﬁnitions given in [5] and [3]. In fact, the functions used
in [5] are slowly oscillating in the direction of the ﬁlter of co-ﬁnite subsets of G , i.e., the sets A with |G \ A| < ω, and those
used in [3] are slowly oscillating in the direction of the ﬁlter of the sets A with |G \ A| < |G|.
The main theorem in [2] characterizes a class of closed left ideals of βG using slowly oscillating functions in the direction
of ﬁlters. This characterization was obtained using the concept of uniform ball structures, the asymptotic counterparts
of uniform topological spaces, introduced by Protasov in [7] and [6]. These are ball structures which are symmetric and
multiplicative. Recall that a ball structure is a triple B = (X, P , B), where X and P are nonempty sets, and for any x ∈ X
and α ∈ P , B(x,α) is a subset of X , called the ball of radius α around x, such that x ∈ B(x,α). A ball structure is symmetric
if for every α ∈ P , there exists β ∈ P such that B(x,α) ⊆ B∗(x, β) for every x ∈ X , and vice versa. Here, B∗(x,α) = {y ∈ X :
x ∈ B(y,α)} for any x ∈ X and α ∈ P . A ball structure is multiplicative if for any α,β ∈ P , there exists γ ∈ P such that
B(B(x,α),β) ⊆ B(x, γ ) for every x ∈ X . Here, B(A, β) =⋃a∈A B(a, β) for any A ⊆ X and β ∈ P . A ball structure is connected
if for any x, y ∈ X , there exists α ∈ P such that y ∈ B(x,α).
For an inﬁnite discrete group G with identity e, we denote by F the family of all ﬁnite subsets of G containing e, and
consider the ball structure Br(G) = (G,F , Br), where Br(t, F ) = Ft for every t ∈ G and F ∈ F . Now Br(G) is a connected
uniform ball structure. If s, t ∈ G and F , F ′ ∈ F , then B(B(t, F ), F ′) = F ′Ft = B(t, F ′F ), B∗(t, F ) = F−1t = B(t, F−1), and
s ∈ B(t, {e, st−1}). If G is countable, then cf Br(G) = ω, and so Br(G) is metrizable [6, Theorem 1], a key property in the proof
of [2, Theorem 6]. Here the coﬁnality cf B of a uniform ball structure B is the smallest cardinal number κ with the property
that P contains a subset P ′ of cardinality κ such that for every α ∈ P , there exists β ∈ P ′ such that B(x,α) ⊆ B(x, β) for
every x ∈ X .
When S is just a semigroup, we may consider as with groups the ball structure Br(S) = (S,F , Br), where F is the family
of all ﬁnite subsets of S and Br(t, F ) = Ft ∪ {t} for each F ∈F and t ∈ S . This ball structure is always multiplicative, but it
is not a connected uniform ball structure in general as Proposition 1.1 shows.
In this paper, we proceed directly and prove that the main result, proved in [2, Theorem 6] for countable discrete groups,
is valid for any semigroup S which contains an element s ∈ S such that λs has no ﬁxed point in S , i.e., st = t for every t ∈ S .
That is, if L is a closed left ideal of β S such that L = ϕ , where ϕ is a ﬁlter with a countable basis, then L is determined
by a function which is slowly oscillating in the direction of ϕ . Then we deduce that for countable S , every closed left ideal
of β S is determined by a family of slowly oscillating functions. Without the condition that S contains a point s such that λs
has no ﬁxed point in S , the main theorem fails even for some countable weakly cancellative semigroups as Example 2.1
shows.
Recall that a semigroup S is called weakly left (right) cancellative if the set s−1t = {u ∈ S: su = t} (ts−1 = {u ∈ S: us = t})
is ﬁnite for every s, t ∈ S . A semigroup S is weakly cancellative if it is both weakly left cancellative and weakly right can-
cellative. A semigroup S is called cancellative if each of the sets ts−1 and s−1t contains at most one element for any s, t ∈ S .
Proposition 1.1. Let S be a cancellative semigroup. Then the ball structure Br(S) is symmetric and connected if and only if S is a group.
Accordingly, Br(S) is a connected uniform ball structure if and only if S is a group.
Proof. Suppose that Br(S) is symmetric and connected. Let t ∈ S and F ∈F and pick F ′ ∈F such that Br(t, F ) ⊆ B∗r (t, F ′).
In other words, Ft ∪ {t} ⊆ {s ∈ S: t ∈ F ′s∪ {s}}. Thus, t ∈ F ′Ft ∪ Ft , and so we may pick e ∈ S such that et = t . Note that this
implies that et = eet , and so e = ee since S is right cancellative. Let now s be any other element in S and pick f ∈ S such
that f s = s. Then ef s = es, so ef = e = ee since S is right cancellative, and so f = e since S is left cancellative. This means
that there is a unique e ∈ S such that et = t for every t ∈ S , and so e is a left identity of S .
By connectedness of Br(S), pick F ∈ F such that t ∈ Fe ∪ {e} and pick s ∈ S such that t = se (if t = e, then we take
s = e). Then s = es by the previous conclusion, so ts = ses = ss, and so t = s, again since S is right cancellative. Hence,
t = te = et , so e is the identity of S . Pick F ′ ∈F such that e ∈ F ′t ∪ {t}, so we may pick t′ ∈ S such that t′t = e. Accordingly,
et = te = tt′t , and so e = tt′ since S is right cancellative. Thus, e = tt′ = t′t , and so S is a group. 
2. Closed left ideals, thick ﬁlters, and slowly oscillating functions
First, we characterize for any discrete semigroup those ﬁlters ϕ on S for which ϕ is a closed left ideal of β S . Then we
attach a ﬁlter on every function f on S which is not very oscillating (deﬁned below). Finally, we show that when S contains
an element s such that λs has no ﬁxed point in S , every thick ﬁlter on S with a countable basis is obtained from a slowly
oscillating function. In the sequel, S is a discrete semigroup and ϕb = {S \ F : |F | < ω}. The elements of ϕb are called the
co-ﬁnite subsets of S .
Deﬁnition. A ﬁlter ϕ on S is thick if for every A ∈ ϕ and for every s ∈ S , there exists B ∈ ϕ such that sB ⊆ A.
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F B ⊆ A. Remark also that S is a weakly left cancellative semigroup if and only if ϕb is a thick ﬁlter on S . For, if s ∈ S
and F is a ﬁnite subset of S , then F ′ = s−1F is a ﬁnite subset of S and s(S \ F ′) ⊆ S \ F . Conversely, if S is not weakly left
cancellative, then for some s, t ∈ S the set s−1t is inﬁnite. Let A = S \ {t}. If B is any subset of S such that sB ⊆ A, then
B ⊆ S \ s−1t . Hence, S \ B is inﬁnite, and so B /∈ ϕb .
In [4, Theorem 4.31], it is shown that S∗ is a left ideal of β S if and only if S is weakly left cancellative. Since S∗ = ϕb
for any semigroup S , next proposition can be seen as a generalization of this theorem.
Proposition 2.1. Let ϕ be a ﬁlter on S. Then ϕ is a closed left ideal of β S if and only if ϕ is thick.
Proof. Suppose ﬁrst that ϕ is a left ideal of β S . Pick t ∈ S and A ∈ ϕ . If p ∈ ϕ , then tp ∈ ϕ , and so t−1A ∈ p. Putting
Bp = t−1A, we see that for every p ∈ ϕ , there exists Bp ∈ p such that tBp ⊆ A. Now {Bp: p ∈ ϕ} is an open covering
of ϕ with a ﬁnite subcover {Bp1 , . . . , Bpn }, say. Let B =
⋃n
k=1 Bpk . Then ϕ ⊆ B . We now claim that B ∈ ϕ . Suppose that
B /∈ ϕ . Then X ∩ (S \ B) = ∅ for every X ∈ ϕ , and so ϕ ∪ {S \ B} has the ﬁnite intersection property. Pick q ∈ β S such that
ϕ ∪ {S \ B} ⊆ q. Then q ∈ ϕ ⊆ B . But this contradicts the fact that S \ B ∈ q. Hence, B ∈ ϕ . Since tB ⊆ A, we conclude that ϕ
is thick.
Suppose now that ϕ is thick. It is enough to show that if t ∈ S and p ∈ ϕ , then tp ∈ ϕ . Pick A ∈ ϕ and let B ∈ ϕ be such
that tB ⊆ A. Then B ⊆ t−1A and B ∈ p since p ∈ ϕ . This shows that t−1A ∈ p, that is, A ∈ tp. Thus, tp ∈ ϕ . 
Deﬁnition. Let ϕ be a ﬁlter on S . A function f : S → C is slowly oscillating in the direction of ϕ if for every ε > 0 and for
every ﬁnite subset F of S , there exists A ∈ ϕ such that diam f (Ft ∪ {t}) < ε for every t ∈ A.
Remark 2.1. In [2], slowly oscillating functions in the direction of a ﬁlter ϕ on a group G were deﬁned under the condition
that ϕb ⊆ ϕ . Otherwise, it is easy to check that the constant functions are the only functions on G which are slowly
oscillating in the direction of ϕ .
Deﬁnition. Let f : S → C be a function. For every ε > 0 and for every ﬁnite subset F of S , deﬁne
S( f , ε, F ) = {t ∈ S: diam f (Ft ∪ {t})< ε}.
We say that f is very oscillating if there exists ε > 0 and a ﬁnite subset F of S such that S( f , ε, F ) = ∅.
Remark 2.2. Suppose that S is a group and let f : S → C be a function. If S( f , ε, F ) is ﬁnite for some ﬁnite subset F of S
and ε > 0, then there exists a ﬁnite subset F ′ of S such that S( f , ε, F ′) = ∅. Pick t ∈ S \ S( f , ε, F ). Then diam f (Ft)  ε.
Let F ′ = F ∪ Ft S( f , ε, F )−1, which is ﬁnite. If s ∈ S( f , ε, F ), then Ft ⊆ F ′s, so diam f (F ′s)  ε, and so S( f , ε, F ′) = ∅.
(This argument is valid for any uniform ball structure, see [2].) However, the same conclusion does not hold for general
semigroups. Let S = (N,min) and deﬁne f :N → C by f (n) = 0 if n is even and f (n) = 1 if n is odd. Then 1 ∈ S( f , ε, F ) for
every ﬁnite subset F of S and ε > 0. If F = {1,2} and ε < 1, then S( f , ε, F ) = {1}.
For the next deﬁnition, note that if F1 and F2 are ﬁnite subsets of S and ε1, ε2 > 0, then S( f , ε, F ) ⊆ S( f , ε1, F1) ∩
S( f , ε2, F2) for any function f : S → C, where F = F1 ∪ F2 and ε =min{ε1, ε2}.
Deﬁnition. Let f : S → C be a function which is not very oscillating. Then the ﬁlter generated by
{
S( f , ε, F ): ε > 0 and F is a ﬁnite subset of S
}
is denoted by so( f ).
Remark 2.3. Let f : S → C be a function which is not very oscillating. Then t S( f , ε, Ft ∪ {t}) ⊆ S( f , ε, F ) for any ﬁnite
subset F of S , ε > 0, and t ∈ S . Hence, so( f ) is thick. The ﬁlter so( f ) is the smallest ﬁlter ϕ on S such that f is slowly
oscillating in the direction of ϕ , and it is a unique ﬁlter ϕ on S such that f is slowly oscillating in the direction of ϕ and
for every A ∈ so( f ), A = S , there is ε > 0 and a ﬁnite set F such that diam f (Ft ∪ {t})  ε for every t ∈ S \ A. (The last
condition states that f is oscillating on S \ A for every A ∈ ϕ , A = S .)
Deﬁnition. Let f : S → C be a bounded function and let f˜ :β S → C be the continuous extension of f to β S . Deﬁne
C f =
{
p ∈ β S: f˜ (qp) = f˜ (p) for every q ∈ β S}
= {p ∈ β S: f˜ (tp) = f˜ (p) for every t ∈ S}.
Proposition 2.2. Let f : S → C be a bounded function which is not very oscillating. Then C f = so( f ).
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for every s ∈ A and for every t ∈ F . Thus,
{
s ∈ S: ∣∣ f (ts) − f (s)∣∣< ε/2 for every t ∈ F} ∈ p,
and so S( f , ε, F ) ∈ p. Hence, p ∈ so( f ).
Suppose now that p ∈ so( f ). Fix t ∈ S and ε > 0. Since
∣∣ f (ts) − f (s)∣∣< ε for every s ∈ S( f , ε, {t})
and p ∈ S( f , ε, {t}), we see that | f˜ (tp) − f˜ (p)| ε. It follows that f˜ (tp) = f˜ (p), and so p ∈ C f since t ∈ S is arbitrary. 
Theorem 2.1. Suppose that S contains a point s such that λs has no ﬁxed point in S. Let ϕ be a thick ﬁlter with a countable basis on S.
Then there exists a bounded function f : S → C such that ϕ = so( f ).
Proof. Let (An)∞n=0 be a basis of ϕ such that A0 = S and An+1 ⊆ An for every n  0. Since λs has no ﬁxed point in S , we
can apply the Three Sets Lemma to λs and partition S as S = T1 ∪ T2 ∪ T3 such that sTi ∩ Ti = ∅ for every i ∈ {1,2,3}, see
for example [4, Lemma 3.33]. Let (a1,n), (a2,n) and (a3,n) be three sequences in [0,1] such that they all converge to zero
and a1,n < a2,n < a3,n < a1,n−1 for every n  1. Deﬁne f : S → C by f (t) = ai,n if t ∈ (An \ An+1) ∩ Ti for some n  0 and




An = f˜ −1(0).
First, f is not very oscillating. Let ε > 0 and let F be a ﬁnite subset of S . Pick n 0 such that a3,n < ε, and then B ∈ ϕ such
that F B ∪ B ⊆ An . Now B ⊆ S( f , ε, F ), and so S( f , ε, F ) is inﬁnite.
By Proposition 2.2, we need to verify that C f = ϕ = f˜ −1(0). If t ∈ S and p ∈ ϕ , then tp ∈ ϕ by Proposition 2.1. Hence,
f˜ (p) = 0 implies f˜ (tp) = 0 for every t ∈ S , and so p ∈ C f . Suppose now that p ∈ C f . Then f˜ (sp) = f˜ (p), where s is as in the
statement. Let (tα) be a net in S which converges to p. If f˜ (p) > 0, then the net (tα) is eventually in (An \ An+1) ∩ Ti for
some ﬁxed n 0 and i ∈ {1,2,3}. Then the net (stα) is eventually in T j for j = i, and so the equality f˜ (sp) = f˜ (p) cannot
hold. So we must have f˜ (p) = 0. 
Corollary 2.1. Let S be a countable semigroup which contains an element s ∈ S such that λs has no ﬁxed point in S. Suppose that L is
a closed left ideal of β S. Then there exists a family { f i: i ∈ I} of bounded functions such that L =⋂i∈I so( f i).
Proof. Enumerate S and let Sk = {t1, . . . , tk}. Let ϕ be a thick ﬁlter on S such that L = ϕ . Fix A ∈ ϕ . By induction, we obtain
a family {Bk: k ∈ N} of members of ϕ such that B1 ⊆ A, Bk+1 ⊆ Bk and Sk+1Bk+1 ⊆ Bk for every k  1. Let ϕA denote the
ﬁlter generated by {Bk: k ∈ N}. Clearly, A ∈ ϕA . To see that ϕA is thick, pick sn ∈ S and Bk ∈ ϕA . If n > k, then snBn ⊆ Bk . If
n  k, then snBk+1 ⊆ Bk . By the previous theorem, there exists f A : S → R such that so( f A) = ϕA . Now ϕ =⋃A∈ϕ ϕA , and
so L = ϕ =⋂A∈ϕ ϕA =
⋂
A∈ϕ so( f A). 
Next example shows that without the condition that S contains a point s such that λs has no ﬁxed point in S , Theo-
rem 2.1 fails even for some weakly cancellative semigroups.
Example 2.1. The semigroup S = (N,max) is a commutative weakly cancellative semigroup. Let f :N → C be any function,
let F ⊆ N be ﬁnite, and let ε > 0. If n = max F , then {k ∈ N: k  n} ⊆ S( f , ε, F ), and so S( f , ε, F ) is a co-ﬁnite set. Hence,
so( f ) ⊆ ϕb .
Let ϕ be a ﬁlter on N such that ϕb ⊆ ϕ . We claim that ϕ is thick. Since there are ﬁlters on N with countable basis which
contain ϕb properly, this shows that the conclusion of the previous theorem does not hold. Let A ∈ ϕ and n ∈ N. Pick k ∈ A
such that k n. If B = A ∩ {m ∈ N: m k} ∈ ϕ , then nB = B ⊆ A, and so ϕ is thick.
Remark 2.4. If S( f , ε, F ) is an inﬁnite subset of S for every ﬁnite subset F of S and ε > 0, then we can deﬁne a ﬁlter sob( f )
on S with the sets S( f , ε, F )\ F instead of S( f , ε, F ), as in [2]. As in Remark 2.3, the ﬁlter sob( f ) is thick if S is a weakly left
cancellative semigroup: For any ﬁnite subset F of S , ε > 0, and s ∈ S , let F ′ = F s∪ s−1F ∪ {s}. Then F ′ is a ﬁnite subset of S
and s(S( f , ε, F ′)\ F ′) ⊆ S( f , ε, F )\ F . The rest of Remark 2.3 stays true for sob( f ) if ϕ contains ϕb , and Proposition 2.2 holds
if the deﬁnition of C f considers only the points of S∗ . Hence, Theorem 2.1 is also true for sob( f ) if ϕ is a ﬁlter on S such
that ϕb ⊆ ϕ . In this case ⋂ϕ = ∅, i.e., ϕ ⊆ S∗ , and the function deﬁned in the proof of Theorem 2.1 gives so( f ) = sob( f ) = ϕ .
In [2], Theorem 2.1 was proved for countable groups when ϕb ⊆ ϕ . Hence, Theorem 2.1 is a generalization of [2] also for
groups.
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